We show that a strongly interacting chain of Majorana fermions exhibits a supersymmetric quantum critical point corresponding to the c = 7 10 tricritical Ising model, which separates a critical phase in the Ising universality class from a supersymmetric massive phase. We verify our predictions with numerical densitymatrix-renormalization-group computations and determine the consequences for tunnelling experiments.
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The standard model of particle physics provides an accurate description of elementary particles and interactions up to a certain energy scale. It is, however, incomplete. Supersymmetry (SUSY) is a theoretical framework, which predicts a fermionic superpartner for every bosonic particle, explaining long-standing puzzles such as the lightness of the Higgs boson (see, e.g., Ref. [1] and the references therein). The experimental verification of SUSY, however, has remained elusive. Another important milestone of physics is Majorana's prediction of fermionic particles that are their own antiparticle. Neutrinos were Majorana's original candidate for these so-called Majorana fermions, but their experimental status remains unclear. Interestingly, SUSY predicts the existence of other Majorana fermions such as the thus-far unobserverd photinos [2, 3] (spin-1 2 superpartners to photons). While both Majorana fermions and SUSY are yet to be observed in high energy physics, Majorana fermions have become the subject of intensive studies in condensed matter physics, where they can emerge as collective excitations in many-body systems of electrons [4] [5] [6] [7] [8] . In addition to extensive theoretical work [9] [10] [11] , there has also been significant experimental progress toward the detection of the condensedmatter incarnations of Majorana fermions in recent years [12] [13] [14] [15] [16] [17] [18] . The interest is partly motivated by the fact that these Majorana zero modes provide a promising candidate for topological quantum computing [7] . While the physics of Majorana zero modes is widely studied in the absence of strong interactions, the collective phases of matter that arise from strongly interacting Majoranas remain relatively unexplored [19] [20] [21] [22] [23] .
On the other hand, there have been few works on the realization of SUSY in condensed matter physics [24] [25] [26] [27] . The canonical example of emergent SUSY in statistical physics is the tricritical Ising (TCI) model [28] [29] [30] . The critical points of condensed matter systems are generically described by conformal field theories (CFTs). Among unitary minimal CFT models, only the TCI with c = 7 10 exhibits SUSY. This CFT is the second simplest unitary minimal mode, representing the universality class of the Landau-Ginzburg Φ 6 theory at its tricritical point (the simplest minimal model is the Ising model with c = which all fermionic excitations are projected out [31, 32] .
Few microscopic models are known to realize the TCI CFT. The Blume-Capel model [33] [34] [35] is a spin-1 chain (with fully bosonic local degrees of freedom), which realizes the Ramond sector of the theory upon tuning two coupling constants in the Hamiltonian (this fine tuning makes it difficult to access the critical point in experiments). Finding experimentally accessible realizations of the TCI CFT, particularly in the NeveuSchwarz sector, where both fermionic excitations and their bosonic superpartners are present, is of great interest. Important progress was made recently by constructing models of coupled bosonic degrees of freedom and fermionic Majorana modes, with the intuition that these local bosonic degrees of freedom can serve as superpartners to the Majoranas [36] .
Purely fermionic field theories can also give rise to the TCI CFT [37] . Here we show that indeed the simplest lattice model of interacting Majoranas, which may be realized in a superconducting vortex lattice and probed via scanning tunneling microscopy (STM), gives rise to emergent SUSY. We find that we need attractive interactions to stabilize the TCI CFT. Such interactions may indeed appear in the presence of superconductivity. Our model naturally realizes the Neveu-Schwarz sector of the CFT, which has a rich spectrum with both fermionic and bosonic excitations. The TCI CFT phase has clear experimental signatures in tunneling experiments. Similar to Ref. [36] , our model had the advantage that the TCI critical point can be reached by tuning only one parameter. The two models, however, differ in an important aspect. Indeed, the model of Ref. [36] can be thought of as a model of interacting Majoranas (obtained by integrating out the bosons). However, at the critical point, these bosonmediated interactions have a long-range character (the bosons become massless and develop power-law correlations at the critical point), whereas our interactions are strictly local.
We begin by writing the Hamiltonian
where γ j = γ † j (with {γ i , γ j } = 2δ i j ) is the annihilation (and creation) operator for a Majorana fermion at position j in a one-dimensional lattice. This model can describe a vortex lattice in a narrow strip of a two dimensional topological superconductor [22] . Throughout this paper, we focus on g > 0, for which supersymmetric phases emerge (Without loss of generality we set g = 1). The positive sign of g actually corresponds to attractive interactions between the underlying Dirac fermions [see Eqs. (2) and (3) below]. The model exhibits a rich and complex phase diagram for g < 0, which will be discussed elsewhere [38] . Notice that the sign of the hopping amplitude is unimportant as it can be changed via the transformation γ j → (−1) j γ j . Our main result is the phase diagram shown in Fig. 1 . For |t| > t c , the system is at the critical point of the transverse field Ising model, which is a CFT with central charge c = 1 2 . For 0 < |t| < t c , the system is in a gapped phase with broken symmetry. At |t| = t c the system is described by the c = 7 10 TCI model. As we will see, t c is extremely small relative to the interaction strength g. However, the regime of strong interactions is accessible in experiments due to a chiral symmetry (at chemical potential µ = 0 in vortex realization of Majoranas), which forbids hopping processes itγ j γ j ′ [22, 39] . For small µ, we then have a small t and four-Majorana terms (which originate from underlying electron-electron interactions) can become relatively strong.
It is convenient for the analysis of the problem to break the translation invariance of the system and write a more general Hamiltonian
where α j ≡ γ 2 j and β j ≡ γ 2 j+1 (eventually we will focus on g 1 = g 2 = g and t 1 = t 2 = t). Each pair of Majoranas can be written in terms of one Dirac fermion c j = α j + iβ j . The product of two Majoranas is now simply related to the occupation number of a Dirac fermion through
where n j = c † j c j . Note that the pairing of Majoranas into Dirac fermions is rather arbitrary and we could have introduced another set of Dirac fermions d j = β j + iα j+1 . The strong coupling limit of the Hamiltonian can then be understood in terms of the the occupation numbers of the c and d Dirac fermions as shown in Fig. 2 . First, we consider the case of t = 0. A dominant positive g 1 (g 2 ) gives ferromagnetic [all empty or all occupied] states for the occupation number of the c (d) fermions. As we argue below, the phase transition at t = 0 and g 1 = g 2 (between phases with dominant g 1 and g 2 ) is first order so all of these ferromagnetic states are present in the ground state manifold of Hamiltonian (1) for t = 0 and there is a gap to excitations. The hopping terms (depending on their sign) lift the degeneracy between the all-occupied and all-empty states but we still expect a doubly degenerate gapped phase for 0 < |t| ≪ g.
The presence of a first-order transition for g 1 = g 2 and t = 0 follows from the connection of our model to spin chains and in particular a generalized Ising spin chains with multispin interactions. A standard Jordan-Wigner transformation σ (2) to the form of a spin chain
(4) For t = 0, the Hamiltonian (4) is dual to a transverse field Ising model with 4-spin interactions
in terms of domain-wall variable τ
. This is because the term σ x j σ x j+2 flips two second-neighbor σ z spins, which corresponds to flipping four consecutive domain-wall variables τ z . Ising models with multispin interactions such as Eq. (5) have been studied in statistical mechanics: The Hamiltonian (5) is self-dual at g 1 = g 2 [40, 41] . General arguments (based on the 8-fold degeneracy of the ground state for g 1 = 0) suggest that the phase transition at g 1 = g 2 belongs to the universality class of the 8-state Potts model and is therefore first-order [42] . This has been confirmed numerically through Monte Carlo simulations in a two-dimensional classical analog of Eq. (5). The phase transition is actually very weakly first-order and the simulations required exceedingly large system sizes [42, 43] .
We now turn from the strong coupling limit to the weak coupling limit of of t → ∞ (g/t → 0). The mapping to spin chain (4) (with t 1 = t 2 ) immediately implies that system must be in the critical phase of the transverse field Ising model. If inversion and translation symmetries are explicitly broken, i.e., g 1 g 2 , the interaction terms in the Hamiltonian can generate relevant perturbations, destroying the Ising critical phase. On the other hand, symmetry-preserving perturbations to the Ising critical point are irrelevant (in the renormalizationgroup sense) and can not generate relevant mass terms for g 1 = g 2 , implying that the Ising critical phase should extend at least to a finite g/t.
More explicitly, the low-energy effective theory of the Ising critical point is described by free massless Majorana fermions:
where 
where the dots indicate terms of third and higher order in derivatives. From simple power counting, we find that the perturbation above is irrelevant.
As we see later, our best estimate for the value of t c in the phase diagram of Fig. 1 is t c /g = 0.00405. This small value in turn implies a gapped phase whose shortest correlation length is thousands of lattice sites. Establishing the nature of the phases and determining the value of t c is therefore exceedingly challenging with most numerical diagnostics such as extrapolation of gaps and order parameters as well as entanglement entropy. Despite this, we found that universal ratios in the finite-size spectrum provide a powerful numerical diagnostic for determining the phase diagram. The gap ratios in the finite-size spectrum capture the signatures of the phase transition between a critical and a gapped phase even though the system sizes we are able to reach are significantly smaller than the correlation length of the gapped phase in our model.
As discussed above, our evidence for the TCI CFT is the excellent agreement between the theoretical predictions for several universal ratios at the critical point and the numerically computed values of these ratios. Three of these universal ratios are for energy gaps in the two fermion-parity sectors with periodic (PBC) and antiperiodic boundary conditions (APBC) shown in the table below The subscripts A and P respectively indicate APBC and PBC, E 0 and E 1 represent the energy of the ground state and the first excited state in a given parity sector, and the superscripts even and odd refer to the fermion-parity sector. For the Ising and TCI CFT, the ratios above exhibit remarkable independence from the system size for large enough systems. On the other hand, in a gapped phase (c = 0), at least one of the above ratios, namely
, grows with system size for large enough systems (it has a linear dependence on system size for t = 0 as shown in Fig. 3) .
The fourth universal ratio we use provides direct access to central charge through the general finite-size dependence of the ground-state energy (which is in the even parity sector for APBC):
where v is the quasiparticle velocity, c is the central charge, and ǫ 0 is a nonuniversal energy density. For the Ising and TCI critical points, we have
We can accurately extract E even A,0 − ǫ 0 L from the numerics by a linear fit of the energy density E even A,0 /L to 1/L 2 . We briefly outline the derivation of the above results in terms of the conformal towers of the two CFTs. The results can be obtained from the formalism developed in Refs. [31, 32] as discussed in the Supplemental Material. We start with the Ising model, for which the predictions can be verified exactly in a free-fermion model. The Ising CFT has three primary fields I (identity), σ (spin), and ǫ (energy) with conformal dimensions (h,h) = (0, 0), ( 
]. An integer (half-odd-integer) conformal spin h −h corresponds to a bosonic (fermionic) excitation. Now in a fermionic theory, we have APBC in the imaginary time direction, which implies that modular invariance can be most easily satisfied if we also impose APBC in the spatial direction.
It then follows from modular invariance [44] that the ground state and the first excited state of the even parity sector with APBC have operator content (I, I) and (ǫ, ǫ) respectively (note that the conformal spin vanishes implying even fermion parity). Similarly, the ground state in the odd parity sector is doubly degenerate with operator content (I, ǫ) and (ǫ, I). For the Ising CFT, we then obtain E The TCI model has 6 primary fields I, ǫ, ǫ ′ , ǫ ′′ , σ, and σ ′ , with scaling dimensions h =h = 0, ) and the first universal ratio in the table above. The spectrum with periodic boundary conditions is a bit more involved but can be similarly derived using CFT methods (see Supplemental Material).
We numerically computed the four gap ratios above with the density-matrix-renormalization-group (DMRG) method. The first gap ratio was used to detect the value of t c at the tricritical point. For smaller t, the gap ratio increases with system size, it plateaus at 7/2 for t c and approaches the Ising value of 1/2 for larger t. Having found the value of t c , we then tested all four gap ratios for larger systems (see the bottom panel) and found excellent agreement with the theoretical predictions as seen in Fig. 3 .
We finally discuss the experimental signatures of the TCI CFT. STM provides a powerful tool to probe local density of states. Tunneling into Majorana zero modes can effectively probe the critical exponent of the fermionic Green's function. We start with the Ising CFT (6). The nonvanishing fermionic correlators are
, where δ is a positive infinitesimal number. The fermionic Green's function then decays as 1/x. A closely related quantity is the tunneling current from an STM tip into a Majorana mode, which goes as I I ∝ V, where V is the bias voltage.
In the TCI case, on the other hand, the leading fermionic operator χ corresponds to (ǫ, ǫ ′ ) with (h,h) = (3/5, 1/10), which gives χ(t, x)χ(0, 0) = 
In Fig. 4 , we show the scaling behavior of the equal-time Green's function of our model computed for TCI (t = t c ) and 
Ising (t = 10
3 ∼ ∞), where the predicted exponents are easily observed (g = 1 in both cases). The leading relevant operator that induces a transition to the gapped phase from the TCI critical point is (ǫ ′ , ǫ ′ ) with dimension 3/5 + 3/5 = 6/5. We then expect a gap in the symmetry-broken phase that scales as (t c − t) 5/4 near the critical point (see Supplemental Material). An important property of the (ǫ ′ , ǫ ′ ) operator is that it is supersymmetric [32, 37, 45] . Therefore the SUSY of the critical point should extend into the gapped phase.
In summary, we studied the phase diagram of the simplest model of strongly interacting Majorana fermions in one dimension for attractive underlying interactions (which may be realized in the presence of superconductivity). Our model provides one of the few examples of emergent spacetime SUSY in condensed matter physics and the first realization of SUSY in a purely fermionic system with local interactions. We verified our predictions with extensive numerical studies and identified an experimental signature of the TCI CFT, namely, the scaling of the tunneling STM current into a Majorana mode with the applied voltage.
Supplemental Material for "Emergent Supersymmetry from Strongly Interacting Majorana
Fermions"
FINITE SIZE SPECTRUM FROM CFT
The finite size spectrum of the Ising and TCI model with both APBC and PBC can be derived using modular invariance [2] . Consider an imaginary time Feynman path integral for the partition function at inverse temperature β for free relativistic Majorana fermions. As is well known, the boundary conditions must be antiperiodic in the imaginary time direction. Thus, when we also impose APBC in the space direction the partition function
is modular invariant. Each state corresponds to a left and right-moving factor and the energy is a sum of left and right moving parts:
for nonnegative integers n, constants x i , which characterize each conformal tower of states, and the central charge c of the CFT. Each excited state in left and right moving conformal towers can occur independently. We define the character corresponding to a given chiral conformal tower as
where d in are nonnegative integers, which account for possible degeneracies of excited states in each conformal tower. The partition function then has the form
Here the N i j are nonnegative integer encoding how many times each possible product of left and right conformal towers occurs. Modular invariance imposes a restriction on the multiplicities N i j [2] 
where S is the modular S-matrix. For the Ising CFT, there are three conformal towers
with the corresponding values of x i given by (1/16, 1/2, 0). The Ising modular S-matrix is
By requiring that Ising order parameter, (σ,σ), does not appear (theses are nonlocal in terms of fermions) and imposing the modular invariance constraint (5), we find
The spectrum with PBC is given by Z A,P , where the first subscript refers to time and the second space. Z A,P can be determined by a modular transformation from Z P,A , where
To obtain Z P,A , we simply insert a minus sign for all states with odd fermion parity. Thus
Since Z A,P is related to
We can now extend this to the TCI model [3] . For the TCI CFT, there are 6 chiral conformal towers
with (1/10, 3/5, 3/2, 3/80, 7/16, 0) being the corresponding x i . As in the Ising case, in the fermionic model, we do not expect the two spin operators, (σ,σ) and (σ ′ ,σ ′ ), to appear. Similar to the Ising case, and using modular the modular invariance condition with S-matrix for TCI CFT, we obtain [4] 
From the above equations, we can read off the complete spectrum with APBC and PBC for both Ising and TCI models. Note that the states with odd/even fermion parity correspond to the fermonic/bosonic operators χ i .
For Ising model, the ground state with APBC has x i =x i = 0 and is in the even sector. The degenerate ground states with PBC have x i +x i = 1/16 + 1/16 = 1/8 and thus have energy higher by (2πv/L)(1/8) than the unique ground state with APBC. The first excited states with PBC are a degenerate pair with energy (2πv/L)(1/4). For TCI model, the unique ground state with APBC also has x i =x i = 0. With PBC, the degenerate ground states have energy higher by (2πv/L)(3/40) than that with APBC, and the first excited states with PBC have energy (2πv/L)(7/8).
TUNNELING DENSITY OF STATES
Modular invariance also implies a relationship between the scaling dimensions of operators determining the exponents on their power-law decaying correlation functions and the parameters x n ,x n in the finite size energies. To each state in the spectrum with APBC there is a corresponding operator O x n ,x n with O x n ,x n (τ, x)O x n ,x n (0, 0) ∝ 
where δ is a positive constant of order the lattice spacing (one). Note that at equal times
On the other hand, for j = 0 but unequal times,
In STM we are interested in the tunneling current between the sample and the normal tip, given by [1] 
where the retarded Green's function
is given in terms of Majorana fields α 0 and ordinary fermions ψ 0 describing the tip. It is convenient to obtain this retarded Green's function by analytic continuation from the Matsubara Green's function G R (ω) = G M (iω n → iδ + iω) which conveniently factorizes
where T indicates time ordering. The Green's function for the normal region at zero temperature is G N (τ) ≈ −D N /τ with D N the density of states. For the noninteracting limit of the Majorana model − T α 0 (τ)α 0 (0) ≈ −1/2πvτ thus obtaining
Performing the Fourier transform followed by the analytical continuation we find ImG R (−eV) = (D N /v)eV. This gives a tunneling current
Now consider the TCI model. We expect that
where χ Ri are the two fermonic primary fields of dimension 
The Green's functions for χ L j are obtained by taking x → −x. The χ 1 term in χ should dominate at long times and low frequencies, so at equal times
Using the Matsubara Green's function
and following the same set of steps as in the Ising case we find ImG R (ω) ∝ Csign(ω)|ω| 7/5 sin(7π/10),
where C is a positive real constant which can be expressed in terms of the Γ functions. The tunneling current, therefore reads
Another quantity that can be predicted is how the crossover scale, from tri-critical Ising behavior, depends on t − t c . The leading bosonic operator consistent with the spatial parity symmetry is (ǫ ′ , ǫ ′ ) of dimension 6/5, O 6/5 . The effective Hamiltonian density near t c H = H TC + A(t − t c )O 6/5 (30) where A is a constant of dimension (length) 6/5 . Under renormalization, this coupling constant scales as L 2−6/5 = L 4/5 . Thus we can define a crossover length scale
For t < t c , in the gapped phase, we should expect the gap to scale as
